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Abstract
Recent remote measurements and in-situ observations confirm the idea that asteroids up to few hundreds of meters
in size might be aggregates of loosely consolidated material, or ‘rubble piles’. The dynamics of these objects can
be studied using N-body simulations of gravitational aggregation. We investigate the role of particle shape in N-
body simulations of gravitational aggregation. We explore contact interaction mechanisms and study the effects of
parameters such as surface friction, particle size distribution and number of particles in the aggregate. As a case study,
we discuss the case of rubble pile reshaping under its own self-gravity, with no spin and no external force imposed. We
implement the N-body gravitational aggregation problem with contact and collisions between particles of irregular,
non-spherical shape. Contact interactions are modeled using a soft-contact method, considering the visco-elastic
behavior of particles’ surface. We perform numerical simulations to compare the behavior of spherical bodies with
that of irregular randomly-generated angular bodies. The simulations are performed starting from an initial aggregate
in a non-equilibrium state. The dynamics are propagated forward allowing particles to settle through reshaping until
they reach an equilibrium state. Preliminary tests are studied to investigate the quantitative and qualitative behavior
of the granular media. The shape of particles is found to play a relevant role in the settling process of the rubble pile
aggregate, affecting both transient dynamics and global properties of the aggregate at equilibrium. In the long term,
particle shape dominates over simulation parameters such as surface friction, particle size distribution and number of
particles in the aggregate. Spherical particles are not suitable to model accurately the physics of contact interactions
between particles of N-body aggregation simulations. Irregular particles are required for a more realistic and accurate
representation of the contact interaction mechanisms.
Keywords: Asteroids, Asteroids, composition, Asteroids, dynamics, Asteroids, surfaces
1. Introduction
In the last few decades, remote measurements and
in-situ observations have contributed to build evi-
dence (Richardson et al., 2002; Hestroffer et al., 2019)
upon the idea that asteroids up to few hundreds of me-
ters in size might be aggregates of loosely consolidated
material, or ‘rubble piles’ (Chapman, 1978). Due to
their properties, the dynamical evolution of these ob-
jects can be studied using numerical N-body simula-
tions. This technique has been used successfully in
the past to simulate a wide range of phenomena, in-
cluding planetary ring dynamics (Porco et al., 2008;
Schmidt et al., 2009; Ballouz et al., 2017; Lu et al.,
2018) and planetesimal dynamics (Richardson et al.,
2000). In the context of rubble-pile dynamics, N-
body simulations have been crucial to provide insights
on phenomena involving natural reshaping processes
towards equilibrium shapes (Richardson et al., 2005;
Tanga et al., 2009a,b), spin evolution and rotational
breakup (Sa´nchez and Scheeres, 2012, 2016; Cotto-
Figueroa et al., 2015; Ballouz et al., 2015; Zhang et al.,
2017, 2018; Yu et al., 2018) towards the formation of
binary systems (Walsh et al., 2008). These give insights
on the internal structure of such bodies, which to date
remains largely unknown (Campo Bagatin et al., 2018;
Sa´nchez and Scheeres, 2018; Scheeres and Sa´nchez,
2018). The intrinsic granularity of N-body models
makes them ideal candidates to investigate scenarios
that involve the disruption of rubble-pile objects, and
subsequent reaccumulation after catastrophic (Michel
et al., 2001, 2002, 2004; Michel, P. and Richardson,
D. C., 2013) or non-catastrophic events (Geissler et al.,
1996), to investigate the formation of satellites (Durda
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et al., 2004), exposed internal structure (Benavidez
et al., 2012, 2018) and interactions with external ob-
jects, including tidal disruption events (Asphaug and
Benz, 1994, 1996; Yu et al., 2014) and low-speed colli-
sions (Leinhardt et al., 2000; Ballouz et al., 2014).
All these studies consider contact and collision in-
teractions between particles of spherical shape. The
use of spheres in N-body simulations is very beneficial
from the computational point of view, especially when
dealing with a high number of bodies, since it reduces
dramatically the complexity of the collision detection
and contact solver algorithm. However, the use of
spheres might affect significantly the realism of the con-
tact interactions (Michel et al., 2004) which are over-
simplified by disregarding the geometrical effects due
to the irregularity and angularity of real bodies (Tanga
et al., 1999; Richardson et al., 2009). This is confirmed
by experiments in terrestrial applications of granular dy-
namics (Pazouki et al., 2017; Dubois et al., 2018).
Few studies have been performed in the past involv-
ing non-spherical particles. Korycansky and Asphaug
(2006) studied low-speed collisions between gravita-
tional aggregates made of polyhedral particles and
showed a substantial difference between the contact in-
teraction mechanism between polyhedra, as compared
to spheres. In particular, they highlighted how off-
center collisions, which are only possible between non-
spherical objects, produce significantly lower restitution
at contact and consequently a higher aggregation prob-
ability after collision. In a follow-up study, Korycansky
and Asphaug (2009) managed to obtain a substantial
speed-up of their code, by employing the ODE (Open
Dynamics Engine) physics engine. Movshovitz et al.
(2012) use similar aggregates to investigate tidal disrup-
tion events, showing how the use of non-spherical parti-
cles produces a better estimate of the bulk density of the
aggregate object compared to using spheres. Other stud-
ies make use of correction parameters applied to spher-
ical objects to model rolling friction (Schwartz et al.,
2012; Yu et al., 2014) of spheres. Compared to perfect
spheres, these provide a more realistic representation
of the rolling motion, and may be used to model dis-
sipation phenomena occurring between particles. How-
ever, using a coefficient of rolling friction to model non-
spherical shape is not realistic and cover only a limited
range of phenomena due to the angularity of particle
shape. In particular, rolling friction is dissipative only
and always acts against rolling motion, whereas shape
could also enhance rolling (Wensrich and Katterfeld,
2012). For the same reason, it cannot be used to repro-
duce accurately interlocking between particles. Also,
it does not provide any means to model the dissipation
of energy due to off-center collisions (Korycansky and
Asphaug, 2006), which are always towards-center when
using spheres. As discussed, this would result in a sub-
stantially lower coefficient of restitution for the case of
angular bodies.
In this paper, we investigate the role of particle
shape in the numerical N-body problem with gravity
and contact/collision dynamics. We model particles
as rigid bodies with six degrees of freedom, including
translational and rotational motion. We compare and
discuss the behavior of spheres against particles with
randomly-generated irregular shapes. Additionally, we
study the effects of physical parameters of granular me-
dia, such as particle size distribution (mono- vs poly-
disperse) (Tanga et al., 1999, 2009a; Barnouin et al.,
2019) and resolution in terms of number of bodies in-
volved in the simulation. The goal is to provide insights,
identify general rules and key parameters that play a rel-
evant role in the setup of a numerical simulation of grav-
itational aggregation.
We first introduce the case study and useful defini-
tions in Section 2. The setup of numerical simulations
performed is described in Section 3, including a brief
introduction on the code used (Section 3.1) and prelim-
inary tests run (Section 3.2). Section 3.3 introduces the
parameter space investigated, while Sections 3.4 and 3.5
discuss the numerical tools and routines used, respec-
tively, to setup the simulations and retrieve the final re-
sults. Section 4 discusses the outcome of simulations
and presents aggregated results. Conclusions are finally
presented in Section 5.
2. Statement of the problem
The primary objective is to identify the role of parti-
cle shape in numerical simulations of gravitational ag-
gregation. To this goal, we perform several numerical
simulations, to explore a wide range of parameter values
and dynamical scenarios. After running some prelimi-
nary tests, we perform a simulation campaign to repro-
duce the self-reshaping dynamics of a rubble pile object
within a range of parameter values, as detailed in Sec-
tion 3. At the beginning of each simulation, the particles
are arranged to form an elongated ellipsoidal aggregate,
which is initially in a non-equilibrium state. No external
force or angular momentum are applied to the particles,
which are subject to their mutual gravity only. The dy-
namics are propagated forward until the aggregate reach
a stable equilibrium condition. More detail on the ini-
tial rubble pile model and its creation can be found in
Section 3.
2
2.1. Definitions
For the sake of clarity and to have a unique reference,
we provide here definitions of quantities and symbols in
use throughout the paper.
• Inertial elongation λ: it is used as a measure of the
elongation of the full aggregate. It is defined as the
ratio between minimum and maximum moments
of inertia of the aggregate (λ ≤ 1). The inertia
tensor of the aggregate is computed taking into ac-
count for the actual inertia tensors of all particles,
whether they be spheres or angular bodies.
• Porosity φ: it is used as a measure of the void frac-
tion inside the aggregate. It can be written in terms
of the material density ρ and bulk density ρb of the
aggregate as φ = 1 − ρb/ρ. Its value depends on
the definition of the surface to envelope the aggre-
gate. We compute ranges of porosity, based on a
minimum and a maximum volume surface, as dis-
cussed in Section 3.5.
• Packing index ψ: it is defined for each particle as
the mean distance with its closest twelve neigh-
bors (twelve is the number of bodies in contact in
a dense spherical packing). Its value is nondimen-
sional and normalized to the characteristic radius
of the body. Distances are evaluated from center of
mass to center of mass.
• Contact force Fc: it is the resulting contact force
acting on a single particle.
3. Numerical simulations
This section highlights the main features of the N-
body code used and introduces the rationale of the study,
providing its assumptions and limiting boundaries.
3.1. N-body code
The numerical model is based on the GRAINS N-
body code (Ferrari et al., 2017, 2020), a rework of
the multi-physics engine Project Chrono (Tasora et al.,
2016). GRAINS handles the dynamics of particles
with six degrees of freedom each (translation and ro-
tation), as they interact through mutual gravity and con-
tacts/collisions. Gravitational interactions are computed
by means of either direct N2 integration, or using a
GPU-parallel implementation of the Barnes-Hut octree
method (Barnes and Hut, 1986; Burtscher and Pingali,
2011; Ferrari et al., 2020). Contact and collision inter-
actions are computed based on the actual shape model
of the body, whether it be a sphere or an angular body.
The shape of angular bodies is created numerically as
the convex envelope of a cloud of randomly-generated
points. All clouds of points share the same statistical
properties of size and shape of their bounding domain:
bodies have different shape but similar characteristic
size and axis ratios. For an angular body, these are de-
fined as the size and axis ratios of its bounding domain:
in this case, the maximum size of the angular body is
always smaller then (or equal to) its characteristic size.
Collision detection is performed into two hierarchi-
cal steps: a broad phase, where close pairs are identi-
fied, and a narrow phase, where contact points between
irregular shapes are found precisely using a GJK algo-
rithm (Tasora and Anitescu, 2010; Ferrari et al., 2017).
Collision detection takes advantage of a thread-parallel
implementation based on the subdivision of the domain
to speed up computations.
The contact dynamics are resolved by means of
a force-based soft-body DEM method (Fleischmann
et al., 2015). This approach is coherent with the features
of the dynamical problem we study. In the past, studies
of gravitational aggregation have been performed using
hard-sphere methods (Michel et al., 2001; Tanga et al.,
2009b; Richardson et al., 2011, and others) or non-
smooth contact dynamics (Ferrari et al., 2017). Both
methods consider impulsive collisions between rigid
bodies (Alder and Wainwright, 1959; Jean and Moreau,
1987; Dubois et al., 2018) and are suitable to reproduce
non-smooth dynamics. However, they are not accurate
to reproduce smooth dynamical processes (Gilardi and
Sharf, 2002). For these problems, soft-contact meth-
ods (Cundall and Strack, 1979) are best suited (Sa´nchez
and Scheeres, 2011; Schwartz et al., 2012; Tancredi
et al., 2012).
Our problem studies the motion of particles within an
aggregate, as it slowly settles under its own gravitational
force, before reaching equilibrium. Due to the long-
lasting contact interactions between particles, address-
ing this problem would require a soft-contact method to
consider non-impulsive smooth collisions between bod-
ies. Accordingly, we use a force-based DEM method,
which takes into account for the visco-elastic behavior
of the surface material at contact.
Normal and tangential visco-elastic actions are ex-
changed between bodies at each contact point: the dy-
namics are modeled based on a two-way normal-tangent
spring-dashpot Hertzian system. Friction is also mod-
eled at each contact point, based on a Coulomb model.
Overall, the contact interaction is set by selecting the
normal/tangential stiffness and damping coefficients of
the spring-dashpot systems (Kn,Kt,Gn,Gt), and the co-
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efficients of static/dynamic friction (ηs,ηd). A more de-
tailed description of the contact/collision methods used
can be found in Fleischmann et al. (2015) and in the
documentation of Project Chrono (Tasora et al., 2019).
The code has been extensively validated in the past,
and proved its capability to address accurately problems
of gravitational (Ferrari et al., 2017, 2020) and gran-
ular dynamics (Mazhar et al., 2013, 2015), including
successful comparative studies with laboratory experi-
ments (Pazouki et al., 2017). GRAINS provides double
precision accuracy and ensure satisfactorily the conser-
vation of energy and angular momentum through colli-
sions (Ferrari et al., 2020).
In the context of N-body simulations of non-spherical
objects interacting through mutual gravity and con-
tacts/collisions, attempts have been made in the past us-
ing customized integration schemes (Korycansky and
Asphaug, 2006) or physics/video game engines (Ko-
rycansky and Asphaug, 2009; Movshovitz et al., 2012)
to simulate hard-contact interactions between polyhe-
dral bodies. However, in these papers approximations
were made to the dynamics, so that angular momentum
was not sufficiently well conserved to adequately repro-
duce gravitational dynamics. In this context, our work is
the first to use a N-body code to study the dynamics of
non-spherical bodies interacting through mutual grav-
ity and contacts/collisions, providing a sufficient level
of accuracy to reproduce accurately problems of gravi-
tational dynamics.
3.2. Preliminary tests
Before studying the full gravity/contact problem, we
focus here on granular dynamics only, without consider-
ing mutual gravity between particles. As mentioned, the
code is fully validated against typical granular dynamics
benchmarks (Mazhar et al., 2013, 2015) and laboratory
experiments (Pazouki et al., 2017). We perform prelim-
inary tests to complement such validation studies, with
the goal to investigating the behavior of the granular me-
dia in term of angle of repose and angle of slide. In par-
ticular, we simulate the dynamics of granular terrain, as
it settles dynamically (angle of repose test) and quasi-
statically (angle of slide test) under a uniform gravity
field. These will contribute to the discussion of the re-
sults of numerical simulations reported in Section 4.
First, we simulate the dynamics of granular material
as it piles up under uniform vertical gravity, as shown
in Figure 1(a). This test gives information on the angle
of repose of the granular media, i.e. the slope at which
a landslide stops and the pile comes to rest. In our test,
3,000 particles fall from a height of 4 m on a planar
surface. We use a polydisperse size distribution of par-
ticles, with average characteristic size (or diameter for
the case of spheres) of 30 cm (see Section 3.3 for de-
tails on the distribution function used). The coefficient
of friction is set to η = 0.6.
Figure 1(b) shows that angular particles reach a non-
zero angle of repose, at a value of about 30 deg. This
result is consistent with the coefficient of friction se-
lected, since arctan(η) ' 30 deg. On the other hand,
Figure 1(c) shows that spheres are not able to pile up
dynamically, showing a zero angle of repose. As shown
in Walsh et al. (2008), spheres exhibit a non-zero angle
of repose when initially arranged in a compact crystal-
lized configuration, but are not able to attain such con-
figuration dynamically. Finally, Figure 1(d) shows the
comparison between angle of repose attained by angu-
lar particles with no friction (η = 0) and the same case
with η = 0.6. This shows that, even with no surface fric-
tion, angular particles are able to attain a non-zero angle
of repose, thanks to purely geometrical effects related to
their shape (e.g. interlocking). In this simple example,
the effects of particle shape are quantified to an angle of
repose of about 20 deg, not far from the 30 deg obtained
with η = 0.6.
The second test we performed is used to estimate the
maximum angle of slide attainable by our granular me-
dia with angular particles. Unlike the angle of repose,
which is attained dynamically, the angle of slide is at-
tained statically, as the maximum slope that a granular
material can withstand before landsliding occurs. To
estimate this quantity, we simulate the slow dynami-
cal modification of the morphology of a granular ter-
rain. As shown in Figure 2, we simulate a granular ter-
rain made of angular bodies, which lies initially on a
planar floor. The terrain is settled under uniform ver-
tical gravity until reaching equilibrium. The floor is
made of several cubic blocks, which can be moved inde-
pendently and whose interstitial distance is much lower
than the characteristic size lp of the terrain particle. The
side length lc of the cubic blocks is chosen such that
lc > 10 lp. After settling, each block (subscript j) moves
downwards with a velocity v j = h j/tsim, where tsim is the
simulation time (equal for all blocks) and h j is the final
vertical displacement of block j. The value for h j is
chosen randomly, with a uniform distribution between
0 and lc, which is the maximum vertical displacement
allowed. The downwards velocity of the blocks is very
slow, to guarantee a quasi-static settling of the terrain
during the whole simulation. In particular, the parame-
ters of the simulation are chosen such that the value of
v j is much lower than the free fall velocity of particles.
In our simulations, we use 25,000 to 100,000 equally
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(a) (b)
(c) (d)
Figure 1: Angle of repose test: (a) angular particles in the process of piling up on a flat surface; (b) pile of angular fragments at rest (coefficient of
friction η = 0.6); (c) spheres after the test (not piled up, η = 0.6); (d) piles of angular fragments at rest: comparison between case with η = 0 (slope
'20 deg, in the foreground) and η = 0.6 (slope '30 deg, in the background).
sized particles, and floors made of either 4-by-4 or 5-
by-5 blocks. Inter-particle coefficient of friction is set
to η = 0.6 for all simulations. Maximum computation
times (for the case of 100,000 particle simulation, with
a 24 thread-parallel architecture), are in the order of one
week.
Once settled to its final configuration (Figure 3(a)
shows the envelope of all particles at the end of the sim-
ulation), the morphology of the terrain is acquired by
means of the following procedure. The upper surface
is sampled, in order to acquire surface points within a
user-defined grid (Figure 3(b)). The sampling grid is
consistent with the size of the particle and typically each
grid patch contains about 4 to 16 particles (2-by-2 up to
4-by-4). The highest particle point within each patch
is the sampling point. The three-dimensional slopes on
the surface are computed as the gradient between sam-
pling points (Figure 3(c)). The procedure of sampling
patches instead of taking directly vertices or positions
of fragments, is implemented to filter out slopes related
to the shape of the single particle, and to acquire the
granular morphology of the terrain only.
Figure 4 shows examples of slope distributions ob-
tained. The graph shows that higher slopes are at-
tained in higher resolution models (more sampling
points/particles in the simulation). For a lower number
of particles and higher slopes, the measure points in the
distribution histogram become too few and the uncer-
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(a)
(b)
Figure 2: Angle of slide test: creating the 3D surface. (a) The granular
terrain is initially created and settled on a planar block-made floor; (b)
the morphology of the granular terrain modifies after the slow down-
wards motion of floor blocks up to their final configuration.
tainty increases. The curves are mostly accurate in the
range 0-30 degrees, where they match nicely the quali-
tative and quantitative behavior of measured slope dis-
tributions of small bodies (e.g. Fig.1 of Ermakov et al.,
2019, for the case of Vesta and Ceres).
In a future investigation, we plan to increase the num-
ber of bodies in the simulation, to investigate the slope
distribution curve beyond 30 deg, which is currently out
of the scope of this work. Although not providing ac-
curate information on the higher slope distribution, our
simulations do provide meaningful information on the
maximum slopes attainable by the granular medium,
which are observed in a wide range between 35 and 65
deg. As expected, these are higher than the angle of re-
pose (e.g. Harris et al., 2009, report a typical increment
of about 5-10 deg over the angle of repose), which is
obtained dynamically.
3.3. Parameter space investigated
The goal is to study the dynamical behavior of a rub-
ble pile aggregate under its own gravity, as it evolves
from a non-equilibrium initial state to a self-achieved
equilibrium condition. To investigate the role of par-
ticle shape in the dynamical process of adjustment to-
wards equilibrium, we performed an extensive simu-
lation campaign, including several sets of simulations.
In order to compare results of such simulation sets and
to have comparable dynamics in terms of characteris-
tic times, we use initial aggregates with the same bulk
properties. For all cases, we use the same total mass,
bulk density and overall shape. In particular, the initial
aggregate is shaped as a prolate ellipsoid (a>b=c), with
b/a=c/a=0.4. More details on the initial aggregates used
are provided in Section 3.4.
To perform comparative analyses on simulation pa-
rameters, we investigate the effects of shape, size
distribution, number of particles and coefficient of
static/dynamic friction. More details are provided here.
• Shape: spheres vs angular particles. Angular par-
ticles are created as the convex envelope of 15-20
points created randomly using a uniform distribu-
tion within a cubic box. Their aspect ratio is there-
fore close to one. Such angular bodies have on av-
erage 10 vertices.
• Particle size distribution: mono vs polydisperse.
When mentioned, monodisperse distribution refer
to particles with same radius (spheres) or charac-
teristic size (angular particles). In all polydisperse
cases, the particle size distribution is set using
the Zhang probability distribution function (Zhang
et al., 1999):
P(s) = e−
s−sm
s¯−sm with s ≥ sm (1)
In this case, the distribution function can be set by
selecting the ratio between the average size s¯ and
the minimum size sm. In our simulations, we use a
value of s¯/sm = 2.70, which corresponds to the so-
called modified Zhang distribution (Elek and Jara-
maz, 2008). The Zhang distribution comes with
the important assumption that a minimum parti-
cle size exists in the fragment population. This is
very convenient when performing numerical simu-
lations. Also, this assumption has proven consis-
tent with the mechanics of fragmentation (Zhang
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(a) (b)
(c)
Figure 3: Angle of slide test: finding slope distribution of the surface. (a) Enveloping surface that encloses all terrain particles; (b) grid of surface
points; (c) slopes computed between points in the grid.
et al., 1999), and show good agreement with labo-
ratory experiments (Wesenberg and Sagartz, 1977;
Grady and Benson, 1983). These have proven the
accuracy of the Zhang distribution to match size
distribution after fragmentation processes (Zhang
et al., 1999; Elek and Jaramaz, 2008).
• Number of particles: ranging between 1,000 and
2,000.
• Coefficient of friction: ranging from 0 to 1. In our
simulations, to reduce the amount of free parame-
ters, the dynamic coefficient of friction ηd is always
set equal to the static coefficient of friction ηs: for
this reason, from now on, we use the term η to in-
dicate both.
Additional parameters include coefficients related to the
surface/contact interactions. In our simulations, both
normal and tangential stiffness coefficients are set to
Kn = Kt = 2 × 105 N/m, while the damping coefficients
are set to Gn = 20 Ns/m and Gt = 40 Ns/m. Values cho-
sen are commensurate to the case study, and are within
the range of values used in previous works: as reported
by Sa´nchez and Scheeres (2011), the Kt/Kn ratio is typ-
ically between 2/3 and 1 for most materials (Mindlin,
1949). Moreover, Silbert et al. (2001) reports that “the
contact dynamics are not very sensitive to the precise
value of this ratio” and thus the choice of these values is
not critical for our simulations.
From the numerical point of view, the dynamics of
the system are propagated forward in time using a
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Figure 4: Angle of slide test: slope distribution examples. The higher
the resolution of the model (more points in the histograms), the higher
slopes can be attained.
symplectic semi-implicit Euler integrator (Anitescu and
Tasora, 2010; Mangoni et al., 2018). The time step is
selected consistently with characteristic times of the dy-
namics involved: gravitational dynamics, collision de-
tection and contact dynamics. Gravitational dynamics
is typically very slow and in our case its characteristic
time can be estimated to be no lower than:
Tg ' 1√
Gρ
> 103 s (2)
where ρ is the material density of particles and G is the
universal gravitational constant. Contact/collision dy-
namics is typically much faster.
The time stepping must be fast enough to avoid miss-
ing any collision and to properly reproduce the visco-
elastic behavior of the material at contact. Equation (3)
provides an estimate of the characteristic time between
two consecutive collisions Td considering the limiting
case of grazing collisions between spherical particles
of radius R (Sa´nchez and Scheeres, 2011), with rela-
tive velocity v and maximum overlapping allowed δ. In
our simulations the settling dynamics is very slow and
the relative velocity v between particles is always below
1 m/s. We choose this value (v = 1 m/s) as a limiting
value to estimate the shortest characteristic time Td in
the system. The maximum overlapping allowed is cho-
sen as δ = R/100, which proved to be consistent with
parameters in our simulation, as demonstrated by previ-
ous similar tests (Ferrari et al., 2020).
Given the range of parameters in use, we can estimate
characteristic times for collision detection and contact
dynamics and derive a lower-bound constraint, respec-
tively as (Ferrari et al., 2020):
Td ' 2
√
4Rδ − δ2
v
> 10 s (3)
Tk ' 2pi
ωk
= 2pi
√
mr
k
> 102 s (4)
where mr is the reduced mass between the two least
massive particles of the system (in our case the tight-
est constraint applies on simulations with polydisperse
size distribution) and k is the highest stiffness in the sys-
tem (in our case is Kn = Kt). With the parameter values
chosen for our case study, the tightest constraint on the
time step is derived from collision detection character-
istic time Td. Accordingly, time steps are chosen in the
order of few seconds.
The maximum simulation time is set to 250 h (real
world time) for all simulations, in order to leave enough
time for all bodies to settle after reaching an equilibrium
state.
3.4. Creation of initial aggregate
The initial aggregate is obtained as the result of a
process of gravitational aggregation. The purpose of
this is to have realistic rubble pile models with inter-
nal voids randomly distributed between irregular frag-
ments. The gravitational aggregation process is simu-
lated for a high number of bodies, created at random
positions in a cubic physical domain, with zero veloc-
ity and spin rate, and therefore with no orbital angular
momentum. After settling under self-gravity, the bod-
ies reach a stable and nearly-spherical aggregate. Fig-
ure 5 shows snapshots from the gravitational aggrega-
tion simulation (in this example to form a 5,000-body
parent aggregate). The rubble pile used in our simu-
lations is extracted from the parent aggregate using a
ray-tracing algorithm, which helps identifying particles
that are inside a given 3d mesh. We validated this shape
extracting algorithm by testing it on complex and non-
convex three-dimensional shapes. Figure 6 shows a test
performed using the shape of comet 67P/Churyumov-
Gerasimenko (also referenced as 67P/C-G in the follow-
ings): in this case a 10,000-body rubble pile model of
the comet is extracted from a 64,000-body parent aggre-
gate of monodisperse angular bodies. Figure 7 shows
two ellipsoidal aggregates used in our simulations as
initial rubble pile models, and their parent aggregates.
In this example, a 1,000-body monodisperse rubble pile
model (Figure 7(b)) is extracted from a 5,000-body par-
ent aggregate (Figure 7(a)), and a 2,000-body polydis-
perse model (Figure 7(d)) is extracted from a 10,000-
body parent aggregate (Figure 7(c)). The process of cre-
ating the initial aggregate is carried both for the case of
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Figure 5: Snapshots from the simulation of gravitational aggregation to form a 5,000-body parent aggregate (monodisperse particle size distribu-
tion).
spheres and angular particles. As already mentioned,
the extracted aggregate is a prolate ellipsoid (a>b=c),
with b/a=c/a=0.4, for all cases.
3.5. Identification of final aggregate
The identification of the final aggregate in terms of
number of bodies and mass is straightforward. Con-
versely, the identification of its overall shape is arbitrary
and relies on the definition of its external surface. This
definition is non-unique, given the information avail-
able (shape and position of each particle in the aggre-
gate). This arbitrary process affects the computation
of global properties such as volume and porosity. To
provide a proper estimate of global properties, we pro-
vide ranges of values for these quantities, referring to
two limiting surfaces: a maximum and a minimum vol-
ume surface. The maximum volume surface is the con-
vex envelope of the aggregate, which is unique, when
considering all vertices of angular bodies or the exter-
nal surface of spheres. The minimum volume surface is
computed using an alpha-shape algorithm Edelsbrunner
and Mu¨cke (1994): intuitively, the alpha-shape enve-
lope is the surface created by a sphere of radius similar
to the characteristic radius of particles, as it rolls over
the cloud of points, whether they be the vertices of an-
gular bodies or the external surface of spheres. To test
the ability of the alpha-shape algorithm to identifying
concave enveloping surfaces, we use it to find the min-
imum volume surface of comet 67P/C-G, starting from
its rubble-pile model shown in Figure 6(b). Using this
method, the surface of the comet is obtained very accu-
rately, within the resolution given by the characteristic
size of particles. Figure 8(a) shows the minimum vol-
ume surface (black surface), together with the convex
envelope of the comet (light gray surface). In this case,
since 67P/C-G is non-convex, its convex envelope does
not reproduce accurately its shape. However, in our sim-
ulations, all aggregates are ellipsoid (convex) and none
of them ever reach a non-convex shape during (or at the
end) of the simulation. Therefore, in our case, it makes
sense to use the convex envelope to set an upper limit,
as a reliable measure of the maximum volume surface
the aggregate. Figures 8(b) and 8(c) show examples of,
respectively, the minimum and maximum volume sur-
faces of an ellipsoidal aggregate. In this case the dif-
ferences are limited to the roughness of the envelope’s
surface and appear to be minimal. Still, the change in
volume (and therefore in bulk density or porosity, since
the total mass is constant) can be significant.
4. Simulations of self-gravitational settling
The results of the simulation campaign are discussed
here. In particular, we highlight how the shape of the
particles affects the properties of the aggregate dur-
ing its dynamic evolution and after the transient phase,
when reaching its final equilibrium state.
As described in Section 3.4, the aggregate used in
these simulations is extracted from a larger parent,
which is the result of a gravitational aggregation pro-
cess. This child aggregate (also referenced as initial
aggregate in the followings) is elongated and thus not
in equilibrium: its self-gravitational settling is studied
here.
4.1. Time evolution of the aggregate
First, we analyze the evolution of the aggregate as
it reshapes towards an equilibrium condition under its
own gravity. The overall shape of the aggregate can
be monitored using its inertial elongation λ, as defined
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(a)
(b)
Figure 6: Testing the shape creation algorithm using the shape of
comet 67P/Churyumov-Gerasimenko: (a) 3D shape model vs (b)
rubble-pile model (10,000-body model extracted from a 64,000-body
parent aggregate).
in Section 2. Figure 9 shows the short- (2 hours) and
long-term (250 hours, on a semi-logarithmic scale) time
evolution of λ, for different levels of friction and us-
ing both angular bodies (Fig. 9(a) and 9(b)) and spheres
(Fig. 9(c) and 9(d)). Results shown in Figure 9 refer to
aggregates with 1,000 monodisperse bodies only. Some
considerations can be made based on long-term evolu-
tion graphs in Figure 9(b) and 9(d):
(i) angular bodies contribute to reaching lower values
of λ compared to spheres at any friction level;
(ii) angular bodies contribute to reaching a steady
equilibrium state earlier compared to spheres at
any friction level;
(a) (b)
(c) (d)
Figure 7: Examples of initial aggregate creation. (a) 5,000-body par-
ent vs (b) 1,000-body extracted aggregate (monodisperse particle size
distribution). (c) 10,000-body parent vs (d) 2,000-body extracted ag-
gregate (polydisperse particle size distribution).
(iii) both simulation sets show a substantially differ-
ent dynamical behavior between cases with fric-
tion versus case with no friction;
(iv) both simulation sets show that, when friction is
present, the value of η does not play a relevant
role to assessing the final shape of the aggregate.
Counter-intuitively, in the long-term there is no
monotonic trend between η and λ of the aggregate
at equilibrium.
Most importantly, results in Figure 9 indicate clearly
that substantial differences exist in the evolution of the
aggregate due to the angular/spherical shape of parti-
cles. The reason for this is purely geometrical and
mainly due to two effects: the number of points of con-
tact between bodies and the interlocking mechanism.
In particular, each pair of spheres has only one point
of contact, while two angular bodies can have multi-
ple points of contacts, including edges and surfaces.
Dissipation forces related to friction are exchanged at
points of contact and having more points means more
forces acting on the bodies: friction is acting on a dif-
ferent scale. The second effect is due to the geometri-
cal interlocking between angular bodies, which hinder
their motion and does not occur between spherical bod-
ies. These are indeed the reason behind (i) and (ii): an
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(a)
(b) (c)
Figure 8: (a) Testing the alpha-shape algorithm using the shape of
comet 67P/Churyumov-Gerasimenko: minimum volume shape vs
convex envelope. Examples of (b) minimum volume shape and (c)
convex envelope for the case of ellipsoidal aggregate.
overall larger dissipation effect acts on angular bodies,
which as a result, reach equilibrium before spheres and
form more elongated aggregates.
Considerations (iii) and (iv) are closely related to the
role of friction in the simulation. To better investigate it,
we focus on the initial phases of the reshaping process.
Fig. 9(a) and Fig. 9(c) show the first few hours of sim-
ulation. These graphs show that, at the very beginning
of the simulation, the trend between η and λ is mono-
tonic both for spheres and for angular shapes, as intu-
ition would suggest. However, on a longer time scale,
the chaotic nature of contact interactions between bod-
ies smooths these differences until the monotonic trend
is lost. According to our results, and in agreement with
results by Sa´nchez and Scheeres (2016), friction shall
never be omitted when simulating a real-world scenario,
since even a small dissipation produces a relevant differ-
ence in the dynamical outcome. On the other hand, the
value of η does not appear to be relevant on a long-time
scale, especially for the case of angular bodies. Our re-
sults show that the relevance of η depends on the time
scale considered in the simulation. For a 2-hour sim-
ulation (short-term plots) there is a difference between
having η = 0, η = 0.2 and η ≥ 0.4 (above this value we
have very similar behaviors), while for a 250-hour sim-
ulation significant differences occur only between η = 0
and η , 0. In principle, given sufficient simulation time,
this simplifies greatly the setup of the numerical prob-
lem, since it allows to avoid expensive parametric stud-
ies to select the value of η.
We performed additional simulations to investigate
the effect of a non-uniform size distribution and num-
ber of particles. We use a modified Zhang distribu-
tion (see Section 3.3) and we simulated scenarios with
1,000, 1,500 and 2,000 particles. As discussed, all sim-
ulations are performed under the same values of total
mass M and bulk density ρb of the aggregate. For the
case of polydisperse and higher number of particle sim-
ulations, material density and particle size are adjusted
to match M and ρb. All additional simulations are per-
formed using angular bodies and a coefficient of friction
η = 0.6. Figure 10 shows the time evolution of the iner-
tial elongation λ of the aggregate. Two effects are worth
discussing.
Our first considerations concern the settling time and
time scales involved in the simulations. A meaningful
metric we can use is the “knee” between the steep and
mild slope of the curve. This is better visible in the
short-term plots (Figures 10(a) and 10(c)) and identifies
the transition point from an initial phase of fast settling
to a phase of slower settling. In the case of monodis-
perse distribution (Fig. 10(a)) the knee occurs earlier
for higher number of bodies, suggesting that a higher
number of bodies contribute to shorten the fast settling
phase. This is due to the increased surface interactions,
which are the main source of motion dissipation. As ex-
pected, a higher number of contact interaction reduces
the settling time. On the other hand, the same does not
apply (or applies to a much lower extent) in the polydis-
perse case (Fig. 10(c)), where the knee occurs nearly at
the same time for all cases. However, in these simula-
tions the knee occurs earlier compared to monodisperse
cases, for any N. This is consistent with the increased
number of contact points in polydisperse simulations
compared to monodisperse ones: smaller particles fill
within the interstices of larger bodies, thus increasing
the overall particle surface area at contact within the ag-
gregate.
The second aspect to be discussed concern the elon-
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(a) (b)
(c) (d)
Figure 9: Short- and long-term evolution of inertial elongation λ of the aggregate, as function of friction coefficient η, for (a,b) angular bodies and
(c,d) spheres. Long-term evolution plots (b,d) are shown using a semi-logarithmic (x) scale. The curves for η = 0 are out of scale in short-term
plots: after 2 hours λ ' 0.9 in both (a) and (c) plots. Most of the simulations reach a static shape within the simulation interval.
gation λ of the aggregate. In this case, the curves ap-
pear to be translated vertically. Also, they appear to
converge to a single solution for higher N. At a care-
ful analysis of the numbers, this appear to be motivated
by the resolution of the aggregate. The term “resolu-
tion” here refers to the relative size between a single
particle and the whole aggregate: the higher N, the bet-
ter the resolution. In fact, when computing the shape of
the aggregate, the effect of resolution is not negligible:
for a 1000-body aggregate, the error due to resolution
could be as high as 10-20% (size of a single particle
vs size of the aggregate). These errors are consistent
with the vertical shift in the curves. Consistently, poly-
disperse fragments converges to a solution for higher
N compared to monodisperse. In fact, the polydisperse
mixture contains particles of bigger size (and thus have
lower resolution) compared to the monodisperse ones
(whose particle size is the mean of polydisperse distri-
bution).
As observed for the case of inter-particle friction,
these effects are clearly visible, but limited to the first
few hours of the numerical simulation. After that, the
problem becomes highly chaotic and the effects of sin-
gle parameters are not identifiable unequivocally any
longer. In fact, at equilibrium, none of the aforemen-
tioned relations exist, except for the case of polydisperse
simulations, where an increase in the number of bod-
ies can be still correlated monotonically to a higher mo-
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(a) (b)
(c) (d)
Figure 10: Short and long-term evolution of inertial elongation λ of the aggregate, as function of the number of bodies N in the aggregate, for (a,b)
monodisperse and (c,d) polydisperse particle size distribution. Long-term evolution plots (b,d) are shown using a semi-logarithmic (x) scale.
tion dissipation, and thus a more elongated final shape.
Monodisperse simulations show a behavior similar to
what already observed when comparing spheres with
angular particles: aggregates that settle faster at the
beginning of the simulation, reach equilibrium earlier
compared to slower settling aggregates, which in the
long term form more rounded shapes.
4.2. Final aggregate at equilibrium
After the transient phase, the aggregate reaches an
equilibrium condition. We discuss here the properties
and internal rubble-pile structure of the final aggregate.
To provide quantitative means of comparison between
simulations, we compute quantities defined in Section 2
and discuss the results both from a global perspective,
i.e. by considering the aggregate as a whole, and from
a local perspective, i.e. by tracking each body in the
aggregate. From a global point of view, the results
of simulations are used to constraint relevant quanti-
ties into ranges of values. This approach is motivated
by the arbitrariness of the aggregate’s surface defini-
tion, as discussed in Section 3.5. For each simulation
and for each final aggregate, we compute the minimum
and maximum volume aggregates. A global informa-
tion of interest is the porosity φ or bulk density of the
aggregate. Since the mass of the aggregate does not
change between minimum and maximum volume ag-
gregates, φ is minimum for minimum volume aggre-
gates and maximum for maximum volume aggregates.
Figure 11 shows the estimate of porosity range for final
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Figure 11: Porosity φ vs friction coefficient η for final aggregates with
spheres or angular bodies. The whole range is shown between mini-
mum and maximum volume aggregate. Data refer to simulations with
1,000 monodisperse particles.
aggregates made of spheres or angular bodies, for differ-
ent levels of friction. In agreement with results on time
evolution of the aggregate, friction plays a very minor
role, while the shape of the particle affects significantly
the result. As expected, the packing of angular bodies is
more compact and efficient with respect to spheres and
they occupy a higher fraction of total volume, thus lead-
ing to lower values of porosity (φang ' 0.29 ± 0.02 vs
φsph ' 0.33 ± 0.02).
As local metrics, we use the packing index ψ associ-
ated to each particle and the resulting contact force Fc
acting on each particle. For both quantities, we look into
their values and distribution within the aggregate. As
defined in Section 2, ψ is computed for each body in the
aggregate as the mean distance (from center to center of
the bodies) between the body and its 12 closest neigh-
bors. All distances are normalized to R = D/2, where
D is the characteristic size of the angular body or the
diameter of the sphere. Figure 12(a) and 12(c) show the
packing distribution of the particles as function of their
distance from the center of the aggregate for the case of,
respectively, angular bodies and spheres. In both cases
the distribution cloud has a plateau at lower distance
from center and a steep ascent at higher distance. The
plateau indicates a diffusely regular packing in the in-
ner layers of the aggregates up to its external layers and
surface, identified by the ascending part of the graph.
Although sharing a similar behavior with spheres, an-
gular bodies confirm to be more densely packed. Also,
spheres appear to have a more regular packing in the in-
ner layers, where all bodies are nearly at the condition
of optimal packing (∼ 2), while a more chaotic pack-
ing is observed on angular bodies due to their uneven
and unequal shape. The same is confirmed in the his-
tograms in Fig. 12(b) and 12(d), where spheres show a
larger discontinuity between the cluster around optimal
packing conditions and the external layers. As in previ-
ous discussions, all graphs in Figure 12 confirm that the
value of friction coefficient η is not relevant to the local
packing distribution of the aggregate.
Similarly to the packing index, the contact force dis-
tribution among the particles can give useful insights on
the internal structure of the aggregate. Contact forces
are produced between bodies due to gravitational pulls
acting on them. Ideally, for an aggregate at equilibrium,
the net contact force on each internal particle equals the
gravity force at the field point where the particle is. The
aggregate is a distributed source of gravity and its in-
ternal gravity field can be approximated by the gravity
field inside a solid shape. The gravity field inside a solid
sphere follows the well-known relation
as(r) =
GMs
R3s
r (5)
where G is the universal gravitational constant, Ms is
the total mass of the solid sphere, Rs is its radius and r
is the distance of between the field point and the center
of the sphere. The gravitational force acting on a body
of mass m located inside the solid sphere at distance r is
linearly dependent on its distance from the center of the
sphere
Fs(r) = qr with q =
GMsm
R3s
(6)
In our case, the final aggregates are not perfectly spher-
ical but their elongation is small and Eq. (6) can be
used as a comparison mean against force distribution
inside the aggregate. In particular, the linear coeffi-
cient q is computed for two sample spheres, represen-
tative of aggregates with angular and spherical parti-
cles. These consider the total mass of the aggregate
M = Ms, the mass of each body m (we consider here
cases with 1,000 monodisperse particles, where both M
and m are equal for all simulations) and the mean ra-
dius of the aggregate Ragg = Rs. The mean radius of
the aggregate Ragg is computed from its mean volume
(between maximum and minimum volume aggregate).
Since aggregates with angular particles are smaller in
size, qang > qsph and forces inside them are expected to
be higher. This is confirmed by results of simulations in
Figure 13. Figure 13(a) and 13(c) show the distribution
of forces inside the aggregate, as function of the dis-
tance between the body and the center of the aggregate.
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(a) (b)
(c) (d)
Figure 12: Packing index ψ for each body within the final aggregate, for different levels of friction coefficient η. Distribution as function of the
distance of body from the center of the aggregate and histogram for (a,b) angular bodies and (c,d) spheres. Data refer to simulations with 1,000
monodisperse particles.
As expected, the distributions behave linearly with r
and are coherent with the gravity field inside the sample
solid sphere (black line). Based on Fig. 13, the choice
of particle shape appears to be very relevant to assess-
ing the distribution of contact forces within the aggre-
gate. In the case of spheres, the distribution of forces
is extremely regular, suggesting regular internal pack-
ing, while angular bodies show a more chaotic distribu-
tion. The chaotic nature of interactions between angular
bodies, due to a higher number of contact points and
to the interlocking mechanism, causes very high forces
on a number of particles in the inner layers of the ag-
gregate. This does not happen in the regularly packed
spheres, where highest forces are found on the exter-
nal surface of the aggregate. High forces appear to be
caused by the angularity of contacts involving vertices
and edges and are not observed on the smoother spher-
ical surfaces. A more detailed analysis would be ben-
eficial to fully investigate this behavior: we highlight
it here as an interesting point for a follow-up analysis,
which is however out of the scope of the current work.
The regularity/irregularity of force distributions are in
agreement with results on packing index shown in Fig-
ure 12. Again, the value of η does not play a relevant
role.
No relevant differences are observed in the internal
packing distribution when dealing with a higher number
of particles. Instead, as expected, aggregates with poly-
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(c) (d)
Figure 13: Resulting contact force Fc acting on each body within the final aggregate, for different levels of friction coefficient η. Distribution as
function of distance of body from the center of the aggregate and histogram for (a,b) angular bodies and (c,d) spheres. Data refer to simulations
with 1,000 monodisperse particles.
disperse material have smaller porosity (5-15% smaller
with respect to monodisperse aggregates). In this case,
smaller particles fill the voids between bigger particles
and help avoiding the formation of crystallized packing.
4.3. Considerations on the angle of friction
When dealing with self-gravitating objects, the clas-
sical approach is to compare their shape to hydro-
static sequences of equilibrium. The theory of con-
tinuum shows how self-gravitating fluids follow mini-
mum energy configurations (as Jacobi and MacLaurin
sequences), which correlate their angular momentum or
spin with their shape (Chandrasekhar, 1969). Our simu-
lations show equilibrium configurations of non-rotating
aggregates. In the context of the continuum model, the
equilibrium figure of a non-rotating fluid is a perfect
sphere. However, in our simulations, the kinetic energy
of the system is such that the granular material does not
behave as a fluid, but rather as a granular solid. In fact,
shapes of rubble piles can be very different from hy-
drostatic equilibrium ones (Minton, 2008; Harris et al.,
2009; Scheeres, 2015) and no direct comparison is pos-
sible. In general, self-gravitating granular aggregates
relax towards a more spherical shape but, even those
formed by frictionless particles, never reach precisely
the hydrostatic spherical shape (Tanga et al., 2009b;
Sa´nchez and Scheeres, 2012). This is due to mech-
anisms that hinder the motion of particles within the
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granular solid. To provide a better theoretical model, ca-
pable of dealing with this phenomenon, Holsapple has
applied the continuum theory to non-fluid (solid) bod-
ies. In this effort, he extended the range of configu-
rations attainable by a self-gravitating object by intro-
ducing the effects of a non-zero angle of friction (e.g.
Holsapple, 2001, 2004, 2007, 2010).
The angle of friction is a quantity not directly re-
lated to surface friction, but it is rather a measure of
the motion-hindering effects occurring within the inte-
rior of the object. In a direct comparison with a gran-
ular system, it would include all such mechanisms re-
lated to contact interactions. As shown by (Holsap-
ple, 2010), the range of admissible shapes of a self-
gravitating ellipsoid is greatly enhanced by a non-zero
angle of friction. For example, for a friction angle of
30 deg (which is rather common in soil-like material), a
non-rotating ellipsoid can attain almost any shape, ex-
cept for extremely elongated ones, when c/a is very
close to zero (see e.g. Fig.1d in Holsapple, 2010). How-
ever, although this model is certainly more accurate than
using simpler fluid equilibrium sequences, it still relies
on major simplifications of the granular problem. In
particular, the model implies that the equilibrium shape
attained by an object depends only on its angular mo-
mentum/spin and friction angle. In principle, this is true
for granular systems as well. However, the friction an-
gle of granular media is strongly dependent on the ki-
netic energy of the particles: according to its energy
level, the granular media can behave as a gas, fluid or
solid, each having a very different friction angle. To
demonstrate it, we provide a simple example, consider-
ing two different dynamical scenarios.
The first scenario considers an initially dispersed
cloud of particles, collapsing under self-gravity. In this
case, spherical (or nearly spherical) shapes can be at-
tained for the aggregate at equilibrium (see e.g. Tanga
et al., 2009a). The greater contribution to the aggre-
gate’s final shape is provided by the initial phase, where
particles follow free gravitational dynamics, while con-
tact interactions contribute marginally to it. In this first
phase, the dispersed particles act as a granular gas and
then transition to a granular fluid as soon as the con-
tacts becomes more numerous. In these initial phases,
the angle of friction is extremely low, and this allows
to minimize the motion-hindering mechanisms that act
against reaching hydrostatic equilibrium. This is what
we obtain in our simulations of parent aggregate forma-
tion (Figure 5), as shown in Section 3.4. Consistently,
we form nearly spherical aggregates (with λ ' 1), as
shown in Figures 7(a) and 7(c).
The second scenario considers the same particles, but
arranged in a different initial configuration, such that
simulations starts from an already formed aggregate.
After settling, the aggregate reaches the form of a granu-
lar solid, with a much higher angle of friction compared
to the gaseous and fluid phases. This makes a substan-
tial difference, since particles are experiencing contact
interactions and interlocking from the beginning. They
are not free to move in the entire space but only to
roll/slide over each other. In this case, the initial shape
of the aggregate strongly biases the final shape achieved
after the reshaping process, which is no longer close to
spherical. So, unlike the fluid case and the Holsapple
case, the granular problem does not admit a unique equi-
librium solution. The shape at equilibrium still depends
on its angular momentum and angle of friction of the
granular media, but also on the complex contact history
of the aggregate.
In our case study, this refers mainly to the way the
initial aggregate is created and how the numerical simu-
lation is initiated. Since we are not studying the failure
conditions of our aggregates, the approach of Holsap-
ple cannot be used directly to infer the theoretical angle
of friction of our ellipsoidal aggregates based on their
axes ratio. However, this approach can provide useful
information to constraint the angle of friction of our ag-
gregate. Holsapple investigates the limiting failure con-
ditions of objects, using either the Drucker-Prager or the
Mohr-Coulomb failure criterion. These are based on the
idea that failure is due to an exceeding shear stress. This
limiting condition provides a lower limiting value for
the angle of friction: regardless of the contact history of
the aggregate, we can state that a certain shape (value
of semiaxes of the ellipsoid) implies that the angle of
friction can never be less than the value found with the
continuum model by Holsapple. Should it be lower than
that, the aggregate would have been further relaxed to-
wards hydrostatic equilibrium. In particular, we refer
here to the Drucker-Prager (DP) criterion, applied to el-
lipsoidal shapes, and we look for its limiting condition
(we do not consider any cohesive term):
√
J2 + 3sp = 0 (7)
where J2 is the second invariant of the deviator stress
tensor, p is the hydrostatic pressure (or mean normal
stress) and s is a constant that can be related to the angle
of friction θ f of the aggregate. Respectively, they can be
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expressed as:
J2 =
1
6
[
(σ1 − σ2)2 + (σ1 − σ3)2 + (σ2 − σ3)2
]
(8)
p =
1
3
(σ1 + σ2 + σ3) (9)
s =
2 sin(θ f )√
3(3 − sin(θ f ))
(10)
where (σ1, σ2, σ3) are the principal stresses. We remark
that the expression for s is not unique (Chen and Han,
1988): we use Eq. (10) to be consistent with results ob-
tained in (Holsapple, 2004, 2010). To have a meaning-
ful means of comparison with the continuum model, we
apply the DP criterion to an equivalent ellipsoid, built
upon our final rubble-pile aggregate. The equivalent
ellipsoid is defined as the one having the same prin-
cipal moments of inertia of the rubble-pile aggregate.
In the literature this is often referred to as the Dynami-
cally Equivalent Equal Volume Ellipsoid (DEEVE). The
use of an equivalent ellipsoid for our case study is justi-
fied by the fact that we use ellipsoidal aggregates: all of
their equilibrium shapes can be well approximated us-
ing ellipsoids. To find the semi-axes of the equivalent
ellipsoid, we first compute the inertia tensor and prin-
cipal moments of inertia of the rubble pile aggregate.
When performing this operation, we consider the full
inertia tensor of each single particle. The semi-axes of
the equivalent ellipsoid are then computed from princi-
pal inertia moments, as if they belonged to a homoge-
neous ellipsoid. The principal stresses of the ellipsoid
can be expressed in terms of its gravity potential terms.
The gravity potential U of an ellipsoid can be written
in a co-rotating frame (rigidly rotating with the body)
as (Chandrasekhar, 1969):
U = piρG(−A0 + Axx2 + Ayy2 + Azz2) (11)
where ρ is the homogeneous density of the ellipsoid,
G is the universal gravitational constant and terms
(A0, Ax, Ay, Az) depend only on the semi-axes of the el-
lipsoid. We evaluate the stress tensor at the center of a
non-rotating ellipsoid, which can be written as (Holsap-
ple, 2010):
σc = −piρ2G
Ax 0 00 Ay 00 0 Az

a
2 0 0
0 b2 0
0 0 c2
 (12)
All terms in Eq. (7) can be expressed in terms of the
semi-axes of the ellipsoid, which we denote with a >
b > c. Finally, we can find the angle of friction θ f that
satisfies Eq. (7), as a function of semi-axes only.
Figure 14: Shape of equilibrium aggregates in terms of semi-axes of
equivalent ellipsoid, with a > b > c. Particle shape and cases with no
surface friction η = 0 are highlighted.
Figure 14 shows the shape of final aggregates at equi-
librium. All of them result close to the b/a=c/a line, i.e.
nearly prolate ellipsoids. This is clearly biased by the
choice of the initial shape, which is a prolate ellipsoid
(with b/a=c/a=0.4) for all simulations. As discussed this
prevents us from drawing general conclusion based on
their final shape only, but it allows to derive a lower
limiting value for their angle of friction. If excluding
cases with no friction (marked with η = 0 in the figure),
the semi-axes are in the range [0.83-0.92] for aggregates
with spherical particles and [0.77-0.84] for angular bod-
ies. These correspond to minimum angles of friction of
about 4 deg for the spheres. As expected, this value
is consistent with the findings of Tanga et al. (2009a),
when one considers in their article the evolution of the
ellipsoid having similar flattening and the lowest angu-
lar momentum. The interesting difference that we find
is the friction angle for angular bodies, around 6 deg,
which denote a modest but relevant (+50%) increase
provided by the angularity of particles.
An accurate evaluation of the angle of friction of the
aggregates is out of the scope of this paper, which is
rather focused on highlighting the role of surface pa-
rameters and particle shape in the dynamical reshaping
process. Also, we recall here the results of preliminary
tests discussed in Section 3.2, which are performed us-
ing the same surface parameters used in ellipsoid simu-
lations. In particular, the angle of slope test provides an
upper limit in terms of slope attainable by the granular
medium, which are observed up to values of about 65
deg.
In this context, we highlight that a more compre-
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hensive treatment of the problem would consider many
other degrees of freedom when modeling the rubble-
pile aggregate. A very relevant one concerns the inter-
nal structure of these bodies. Elongated shapes might
be sustained by inhomogeneous internal structures (or
density distributions). To provide few examples, Lowry
et al. (2014) speculated about the interior of the highly
elongated asteroid Itokawa based on its global shape
and spinning dynamics: according to them a strong in-
homogeneity within Itokawa (two separate bodies with
different density) could possibly explain their measures
of spin dynamics. Kanamaru et al. (2019) also proposed
an inhomogeneous model for Itokawa, to cope with its
gravitational potential and surface properties. In this re-
spect, our approach is clearly simplified and do not ad-
dress the problem in its whole complexity (we make the
bulk hypothesis that such bodies have a full rubble-pile
structure with homogeneous density). However, our ul-
timate goal is not to reproduce the high fidelity internal
structures, but rather to exploit the rubble-pile structure
to reproduce the self-gravitational dynamics of these ob-
jects.
5. Conclusions
In this paper we study the role of particle shape and
surface/contact parameters in N-body simulations, con-
sidering the full gravity-contact problem. We discuss
the results of test scenarios of granular dynamics to
quantify and qualitatively characterize the angle of slide
and angle of repose of a realistic granular media, made
of angular particles. As a case study, we reproduce
the natural reshaping process of an elongated ellipsoidal
rubble-pile object by numerical simulations. We in-
vestigate the effects of simulation parameters, includ-
ing particle shape, surface friction, particle size distri-
bution and number of particles, and discuss their contri-
bution to the overall angle of friction within the granular
medium. We summarize here the main outcomes of the
paper:
• Friction. The presence/absence of friction is very
relevant, but not its value. This is supported by re-
sults in all simulations and test scenarios. Friction
is observed at a different scale for the case of angu-
lar bodies compared to spheres. This is due to the
increased number of contact points (many, com-
pared to only two per sphere couple) and enhanced
by the chaotic nature of interactions between angu-
lar bodies. The overall effect is that angular bod-
ies contribute to reaching equilibrium earlier than
spheres and, in the long time, the value of friction
does not affect the final shape of the aggregate.
• Porosity. As expected, aggregates with spheres
have higher porosity, while packing of angular
bodies is more efficient in terms of volume occu-
pied. This appears to be a purely geometrical fea-
ture of the granular medium and has direct conse-
quences on the dynamics and evolution of rubble
pile objects. However, based on this considera-
tion only, it is hard to speculate about global prop-
erties of small celestial bodies and compare with
their high porosity values, due to the lack of data
about their internal structure. This is the missing
ingredient we would need to formulate hypotheses
of correlation between local (internal) geometrical
structure and global properties.
• Final shape of aggregate. Aggregates with spheres
are more rounded and closer to hydrostatic equilib-
rium shape. Also, their reach equilibrium later in
time. This is because they move freely on the sur-
face, due to a lower friction (less contact points)
and to the absence of mechanisms to hinder their
motion such as geometrical interlocking, which in-
stead play a relevant role for the case of angular
bodies.
• Aggregate internal structure. Spheres have a more
regular packing as they form ordered crystal struc-
tures. Angular bodies have a more chaotic pack-
ing structure. This has consequences on the inter-
nal properties of the aggregate: a clear example is
shown on its internal force distribution, which is
very different in the two cases.
While assessing the role of particles in N-body sim-
ulations, we remark that these results are valid for the
specific scenario studied, where all particles have equal
density within a homogeneous aggregate that slowly
settles under its own gravity, and with no other exter-
nal actions. As mentioned for the case of porosity, any
direct generalization of these results to the case of small
celestial bodies would be possible provided that we have
a better understanding and data available on the internal
structure of such bodies. This work is part of a basic
research effort, aimed at investigating the dynamical be-
havior of gravitational aggregates. In this context, gen-
eral results and considerations clearly emerge.
Angular bodies are certainly more realistic than
spheres since they are capable to simulate to a more
complex extent the contact interaction mechanism. The
results give a clear indication towards the use of angu-
lar bodies for a better understanding of the dynamics
19
involving the internal structure and global properties of
rubble piles asteroids.
A further argument of support is provided by the anal-
ysis of short- versus long- term dynamics. We observe
that, although clear trends may exists within the first few
hours of simulation, most of them disappear in the long
term. For instance, considering reshaping process, we
observe that after two hours of simulation clear trends
exist between the shape of the aggregate and simulation
parameters: in this case a more elongated aggregate is
produced by (i) higher surface friction between parti-
cles, (ii) higher number of fragments (higher resolution
of the aggregate) or (iii) non-uniform size distribution
of particles. As expected, these three phenomena con-
tribute to hindering the motion of particles within the
aggregate, either by a direct increase of surface friction
(i), or by its indirect increase after enlarging the surface
area at contact (ii,iii). However, in all cases, when look-
ing at results at equilibrium (after 250 hours of simula-
tions), these trends are no more observed. This is inter-
preted as an effect of the extremely chaotic dynamical
environment, which on the long-term dominates over
the effects of simulation parameters. The only effect
that survives in the long term is that of particle shape,
which is observed in all simulations.
Our simulations indicate clearly that relevant differ-
ences exist when using angular bodies compared to us-
ing spheres. Despite the importance of spherical par-
ticles in disclosing the physics of granular materials,
both in laboratory and numerical simulations, our re-
sults highlight that relevant differences exist when ir-
regular fragments are adopted. The additional level of
complexity that non-spherical shapes bring in numerical
simulations, appears to be an unavoidable step to better
reproduce real-world scenarios.
Acknowledgment
This project has received funding from the Euro-
pean Union’s Horizon 2020 research and innovation
programme under the Marie Skłodowska-Curie grant
agreement No 800060. Part of the research was car-
ried out at Laboratoire Lagrange, Observatoire de la
Coˆte d’Azur, acting as secondment institution of the
Marie Skłodowska-Curie project GRAINS. Part of the
research work was carried out at the Jet Propulsion Lab-
oratory, California Institute of Technology, under con-
tract with the National Aeronautics and Space Adminis-
tration. F.F. would like to thank Anton Ermakov for the
fruitful discussions that inspired the setup of the angle
of slide test scenario. The authors would like to thank
the anonymous reviewers for their comments and sug-
gestions that helped to increase the quality of the paper.
References
Alder, B.J., Wainwright, T.E., 1959. Studies in molecular dynamics.
i. general method. The Journal of Chemical Physics 31, 459–466.
URL: https://doi.org/10.1063/1.1730376, doi:10.1063/
1.1730376, arXiv:https://doi.org/10.1063/1.1730376.
Anitescu, M., Tasora, A., 2010. An iterative approach for cone com-
plementarity problems for nonsmooth dynamics. Computational
Optimization and Applications 47, 207–235.
Asphaug, E., Benz, W., 1994. Density of comet shoemaker-levy 9
deduced by modelling breakup of the parent ’rubble pile’. Nature
370, 120–124. URL: https://doi.org/10.1038/370120a0.
Asphaug, E., Benz, W., 1996. Size, density, and structure of comet
shoemaker–levy 9 inferred from the physics of tidal breakup.
Icarus 121, 225 – 248. URL: http://www.sciencedirect.
com/science/article/pii/S0019103596900834,
doi:https://doi.org/10.1006/icar.1996.0083.
Ballouz, R.L., Richardson, D., Michel, P., Schwartz, S., Yu,
Y., 2015. Numerical simulations of collisional disruption
of rotating gravitational aggregates: Dependence on mate-
rial properties. Planetary and Space Science 107, 29 – 35.
URL: http://www.sciencedirect.com/science/article/
pii/S0032063314001743, doi:https://doi.org/10.1016/
j.pss.2014.06.003. vIII Workshop on Catastrophic Disruption
in the Solar System.
Ballouz, R.L., Richardson, D.C., Michel, P., Schwartz, S.R., 2014.
Rotation-dependent catastrophic disruption of gravitational aggre-
gates. The Astrophysical Journal 789, 158. URL: http://
stacks.iop.org/0004-637X/789/i=2/a=158.
Ballouz, R.L., Richardson, D.C., Morishima, R., 2017. Numerical
simulations of saturn’s b ring: Granular friction as a mediator
between self-gravity wakes and viscous overstability. The As-
tronomical Journal 153, 146. URL: http://stacks.iop.org/
1538-3881/153/i=4/a=146.
Barnes, J., Hut, P., 1986. A hierarchical o(n log n) force-calculation
algorithm. Nature 324, 446–449. URL: http://dx.doi.org/
10.1038/324446a0.
Barnouin, O., Perry, M., Sursorney, H., Roberts, J., Jawin, E., Daly,
M., Al Asad, M., Johnson, C., Ballouz, R., Schwartz, S., Walsh,
K., Michel, P., Thuillet, F., Bierhaus, E.B., Gaskell, R., Palmer,
E., Weirich, J., Rizk, B., Drouet D’Aubigny, C., Nolan, M., 2019.
On the possible origin of terraces on Bennu, in: EPSC-DPS Joint
Meeting 2019, pp. EPSC–DPS2019–255.
Benavidez, P., Durda, D., Enke, B., Bagatin, A.C., Richard-
son, D., Asphaug, E., Bottke, W., 2018. Impact simula-
tion in the gravity regime: Exploring the effects of parent
body size and internal structure. Icarus 304, 143 – 161.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103517300234, doi:https://doi.org/10.1016/
j.icarus.2017.05.030. asteroids and Space Debris.
Benavidez, P.G., Durda, D.D., Enke, B.L., Bottke, W.F.,
Nesvorny´, D., Richardson, D.C., Asphaug, E., Merline, W.J.,
2012. A comparison between rubble-pile and monolithic
targets in impact simulations: Application to asteroid satel-
lites and family size distributions. Icarus 219, 57 – 76.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103512000309, doi:https://doi.org/10.1016/
j.icarus.2012.01.015.
Burtscher, M., Pingali, K., 2011. Chapter 6 - an efficient cuda im-
plementation of the tree-based barnes hut n-body algorithm, in:
Hwu, W.m.W. (Ed.), GPU Computing Gems Emerald Edition.
20
Morgan Kaufmann, Boston. Applications of GPU Computing Se-
ries, pp. 75 – 92. URL: http://www.sciencedirect.com/
science/article/pii/B9780123849885000061, doi:http:
//doi.org/10.1016/B978-0-12-384988-5.00006-1.
Campo Bagatin, A., Aleman˜, R.A., Benavidez, P.G., Richardson,
D.C., 2018. Internal structure of asteroid gravitational aggregates.
Icarus 302, 343 – 359. URL: http://www.sciencedirect.
com/science/article/pii/S0019103517305638,
doi:https://doi.org/10.1016/j.icarus.2017.11.024.
Chandrasekhar, S., 1969. Ellipsoidal Figures of Equilibrium. Dover
Publications.
Chapman, C.R., 1978. Asteroid collisions, craters, regolith and life-
times. In Asteroids: An Exploration Assessment. NASA Conf.
Publ. 2053, 145–160.
Chen, W.F., Han, D.J., 1988. Plasticity for Structural Engineers.
Springer.
Cotto-Figueroa, D., Statler, T.S., Richardson, D.C., Tanga, P., 2015.
Coupled spin and shape evolution of small rubble-pile asteroids:
Self-limitation of the yorp effect. The Astrophysical Journal 803,
25. URL: http://stacks.iop.org/0004-637X/803/i=1/a=
25.
Cundall, P.A., Strack, O.D.L., 1979. A discrete numeri-
cal model for granular assemblies. Ge´otechnique 29,
47–65. URL: https://doi.org/10.1680/geot.
1979.29.1.47, doi:10.1680/geot.1979.29.1.47,
arXiv:https://doi.org/10.1680/geot.1979.29.1.47.
Dubois, F., Acary, V., Jean, M., 2018. The contact dynamics method:
A nonsmooth story. Comptes Rendus Me´canique 346, 247 – 262.
URL: http://www.sciencedirect.com/science/article/
pii/S163107211730236X, doi:https://doi.org/10.1016/
j.crme.2017.12.009. the legacy of Jean-Jacques Moreau in me-
chanics / L’he´ritage de Jean-Jacques Moreau en me´canique.
Durda, D.D., Bottke, W.F., Enke, B.L., Merline, W.J., As-
phaug, E., Richardson, D.C., Leinhardt, Z.M., 2004. The
formation of asteroid satellites in large impacts: results
from numerical simulations. Icarus 170, 243 – 257.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103504001204, doi:https://doi.org/10.1016/
j.icarus.2004.04.003.
Edelsbrunner, H., Mu¨cke, E.P., 1994. Three-dimensional alpha
shapes. Transactions on Graphics 13, 43–72.
Elek, P., Jaramaz, S., 2008. Fragment size distribution in dynamic
fragmentation: Geometric probability approach. FME Transac-
tions 36, 59–65.
Ermakov, A.I., Kreslavsky, M.A., Scully, J.E.C., Hughson,
K.H.G., Park, R.S., 2019. Surface roughness and grav-
itational slope distributions of vesta and ceres. Journal
of Geophysical Research: Planets 124, 14–30. URL:
https://agupubs.onlinelibrary.wiley.com/doi/
abs/10.1029/2018JE005813, doi:10.1029/2018JE005813,
arXiv:https://agupubs.onlinelibrary.wiley.com/doi/pdf/10.1029/2018JE005813.
Ferrari, F., Lavagna, M., Blazquez, E., 2020. A parallel-
GPU code for asteroid aggregation problems with angu-
lar particles. Monthly Notices of the Royal Astronom-
ical Society 492, 749–761. URL: https://doi.org/
10.1093/mnras/stz3458, doi:10.1093/mnras/stz3458,
arXiv:https://academic.oup.com/mnras/article-pdf/492/1/749/31731024/stz3458.pdf.
Ferrari, F., Tasora, A., Masarati, P., Lavagna, M., 2017. N-
body gravitational and contact dynamics for asteroid ag-
gregation. Multibody System Dynamics 39, 3–20. URL:
http://dx.doi.org/10.1007/s11044-016-9547-2,
doi:10.1007/s11044-016-9547-2.
Fleischmann, J., Serban, R., Negrut, D., Jayakumar, P., 2015. On the
importance of displacement history in soft-body contact models.
Journal of Computational and Nonlinear Dynamics 11, 044502–
044502–5. URL: http://dx.doi.org/10.1115/1.4031197,
doi:10.1115/1.4031197.
Geissler, P., Petit, J., Durda, D.D., Greenberg, R., Bot-
tke, W., Nolan, M., Moore, J., 1996. Erosion and
ejecta reaccretion on 243 ida and its moon. Icarus
120, 140 – 157. URL: http://www.sciencedirect.
com/science/article/pii/S0019103596900421, doi:http:
//dx.doi.org/10.1006/icar.1996.0042.
Gilardi, G., Sharf, I., 2002. Literature survey of contact dynamics
modelling. Mechanism and Machine Theory 37, 1213 – 1239.
URL: http://www.sciencedirect.com/science/article/
pii/S0094114X02000459, doi:https://doi.org/10.1016/
S0094-114X(02)00045-9.
Grady, D.E., Benson, D.A., 1983. Fragmentation of metal rings
by electromagnetic loading. Experimental Mechanics 23, 393–
400. URL: https://doi.org/10.1007/BF02330054, doi:10.
1007/BF02330054.
Harris, A.W., Fahnestock, E.G., Pravec, P., 2009. On the shapes
and spins of “rubble pile” asteroids. Icarus 199, 310 – 318.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103508003424, doi:https://doi.org/10.1016/
j.icarus.2008.09.012.
Hestroffer, D., Sa´nchez, P., Staron, L., Bagatin, A.C., Eggl, S.,
Losert, W., Murdoch, N., Opsomer, E., Radjai, F., Richard-
son, D.C., Salazar, M., Scheeres, D.J., Schwartz, S., Taber-
let, N., Yano, H., 2019. Small solar system bodies as gran-
ular media. The Astronomy and Astrophysics Review 27,
6. URL: https://doi.org/10.1007/s00159-019-0117-5,
doi:10.1007/s00159-019-0117-5.
Holsapple, K., 2001. Equilibrium configurations of solid
cohesionless bodies. Icarus 154, 432 – 448. URL:
http://www.sciencedirect.com/science/article/
pii/S0019103501966837, doi:https://doi.org/10.1006/
icar.2001.6683.
Holsapple, K.A., 2004. Equilibrium figures of spinning bod-
ies with self-gravity. Icarus 172, 272 – 303. URL:
http://www.sciencedirect.com/science/article/
pii/S0019103504001885, doi:https://doi.org/10.1016/
j.icarus.2004.05.023. special Issue: Cassini-Huygens at
Jupiter.
Holsapple, K.A., 2007. Spin limits of solar system bodies: From
the small fast-rotators to 2003 el61. Icarus 187, 500 – 509.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103506002776, doi:https://doi.org/10.1016/
j.icarus.2006.08.012.
Holsapple, K.A., 2010. On yorp-induced spin deforma-
tions of asteroids. Icarus 205, 430 – 442. URL:
http://www.sciencedirect.com/science/article/
pii/S0019103509003522, doi:https://doi.org/10.1016/
j.icarus.2009.08.014.
Jean, M., Moreau, J.J., 1987. Dynamics in the presence of unilateral
contacts and dry friction: A numerical approach, in: Del Piero, G.,
Maceri, F. (Eds.), Unilateral Problems in Structural Analysis — 2,
Springer Vienna, Vienna. pp. 151–196.
Kanamaru, M., Sasaki, S., Wieczorek, M., 2019. Density
distribution of asteroid 25143 itokawa based on smooth ter-
rain shape. Planetary and Space Science 174, 32 – 42.
URL: http://www.sciencedirect.com/science/article/
pii/S0032063319300662, doi:https://doi.org/10.1016/
j.pss.2019.05.002.
Korycansky, D., Asphaug, E., 2006. Low-speed impacts between
rubble piles modeled as collections of polyhedra. Icarus 181,
605 – 617. URL: http://www.sciencedirect.com/science/
article/pii/S0019103505004422, doi:https://doi.org/
10.1016/j.icarus.2005.10.028.
21
Korycansky, D., Asphaug, E., 2009. Low-speed impacts between
rubble piles modeled as collections of polyhedra, 2. Icarus 204,
316 – 329. URL: http://www.sciencedirect.com/science/
article/pii/S0019103509002516, doi:https://doi.org/
10.1016/j.icarus.2009.06.006.
Leinhardt, Z.M., Richardson, D.C., Quinn, T., 2000. Direct n-body
simulations of rubble pile collisions. Icarus 146, 133 – 151.
URL: http://www.sciencedirect.com/science/article/
pii/S001910350096370X, doi:https://doi.org/10.1006/
icar.2000.6370.
Lowry, S.C., Weissman, P.R., Duddy, S.R., Rozitis, B., Fitzsim-
mons, A., Green, S.F., Hicks, M.D., Snodgrass, C., Wolters, S.D.,
Chesley, S.R., Pittichova´, J., van Oers, P., 2014. The internal
structure of asteroid (25143) itokawa as revealed by detection
of yorp spin-up. A&A 562, A48. URL: https://doi.org/
10.1051/0004-6361/201322602, doi:10.1051/0004-6361/
201322602.
Lu, Y., Ballouz, R.L., Richardson, D.C., 2018. Exploring shear-free
ringlet formation with direct simulations of saturn’s b rings. The
Astronomical Journal 156, 129. URL: http://stacks.iop.
org/1538-3881/156/i=3/a=129.
Mangoni, D., Tasora, A., Garziera, R., 2018. A primal–dual pre-
dictor–corrector interior point method for non-smooth contact dy-
namics. Computer Methods in Applied Mechanics and Engineer-
ing 330, 351 – 367. URL: http://www.sciencedirect.com/
science/article/pii/S004578251730703X, doi:https://
doi.org/10.1016/j.cma.2017.10.030.
Mazhar, H., Heyn, T., Negrut, D., Tasora, A., 2015. Using nes-
terov’s method to accelerate multibody dynamics with friction
and contact. ACM Trans. Graph. 34, 32:1–32:14. URL: http:
//doi.acm.org/10.1145/2735627, doi:10.1145/2735627.
Mazhar, H., Heyn, T., Pazouki, A., Melanz, D., Seidl, A.,
Bartholomew, A., Tasora, A., Negrut, D., 2013. Chrono: a par-
allel multi-physics library for rigid-body, flexible-body, and fluid
dynamics. Mechanical Sciences 4, 49–64. URL: https://www.
mech-sci.net/4/49/2013/, doi:10.5194/ms-4-49-2013.
Michel, P., Benz, W., Richardson, D.C., 2004. Catastrophic dis-
ruption of asteroids and family formation: a review of numer-
ical simulations including both fragmentation and gravitational
reaccumulations. Planetary and Space Science 52, 1109 – 1117.
URL: http://www.sciencedirect.com/science/article/
pii/S0032063304000960, doi:https://doi.org/10.1016/
j.pss.2004.07.008. catastrophic Disruption of Small Solar
System Bodies.
Michel, P., Benz, W., Tanga, P., Richardson, D.C., 2001.
Collisions and gravitational reaccumulation: Forming as-
teroid families and satellites. Science 294, 1696–1700.
URL: http://science.sciencemag.org/content/
294/5547/1696, doi:10.1126/science.1065189,
arXiv:http://science.sciencemag.org/content/294/5547/1696.full.pdf.
Michel, P., Tanga, P., Benz, W., Richardson, D.C., 2002. Formation of
asteroid families by catastrophic disruption: Simulations with frag-
mentation and gravitational reaccumulation. Icarus 160, 10 – 23.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103502969484, doi:https://doi.org/10.1006/
icar.2002.6948.
Michel, P., Richardson, D. C., 2013. Collision and gravita-
tional reaccumulation: Possible formation mechanism of the as-
teroid itokawa. A&A 554, L1. URL: https://doi.org/
10.1051/0004-6361/201321657, doi:10.1051/0004-6361/
201321657.
Mindlin, R., 1949. Compliance of elastic bodies in contact 16, 259–
268.
Minton, D.A., 2008. The topographic limits of gravitation-
ally bound, rotating sand piles. Icarus 195, 698 – 704.
URL: http://www.sciencedirect.com/science/article/
pii/S001910350800081X, doi:https://doi.org/10.1016/
j.icarus.2008.02.009.
Movshovitz, N., Asphaug, E., Korycansky, D., 2012. Numerical mod-
eling of the disruption of comet d/1993 f2 shoemaker-levy 9 rep-
resenting the progenitor by a gravitationally bound assemblage of
randomly shaped polyhedra. The Astrophysical Journal 759, 93.
URL: http://stacks.iop.org/0004-637X/759/i=2/a=93.
Pazouki, A., Kwarta, M., Williams, K., Likos, W., Serban, R., Jayaku-
mar, P., Negrut, D., 2017. Compliant contact versus rigid contact:
A comparison in the context of granular dynamics. Phys. Rev.
E 96, 042905. URL: https://link.aps.org/doi/10.1103/
PhysRevE.96.042905, doi:10.1103/PhysRevE.96.042905.
Porco, C.C., Weiss, J.W., Richardson, D.C., Dones, L., Quinn,
T., Throop, H., 2008. Simulations of the dynamical and light-
scattering behavior of saturn’s rings and the derivation of ring
particle and disk properties. The Astronomical Journal 136,
2172. URL: http://stacks.iop.org/1538-3881/136/i=5/
a=2172.
Richardson, D., Michel, P., Walsh, K., Flynn, K., 2009. Numeri-
cal simulations of asteroids modelled as gravitational aggregates
with cohesion. Planetary and Space Science 57, 183 – 192.
URL: http://www.sciencedirect.com/science/article/
pii/S0032063308001037, doi:https://doi.org/10.1016/
j.pss.2008.04.015. catastrophic Disruption in the Solar Sys-
tem.
Richardson, D.C., Elankumaran, P., Sanderson, R.E., 2005. Numer-
ical experiments with rubble piles: equilibrium shapes and spins.
Icarus 173, 349 – 361. URL: http://www.sciencedirect.
com/science/article/pii/S0019103504003124,
doi:https://doi.org/10.1016/j.icarus.2004.09.007.
Richardson, D.C., Leinhardt, Z.M., Melosh, H.J., Bottke Jr., W.F.,
Asphaug, E., 2002. Gravitational aggregates: Evidence and evo-
lution, in: Bottke Jr., W.F., Cellino, A., Paolicchi, P., Binzel, R.P.
(Eds.), Asteroids III. University of Arizona Press, pp. 501–515.
Richardson, D.C., Quinn, T., Stadel, J., Lake, G., 2000. Direct large-
scale n-body simulations of planetesimal dynamics. Icarus 143,
45 – 59. URL: http://www.sciencedirect.com/science/
article/pii/S0019103599962437, doi:https://doi.org/
10.1006/icar.1999.6243.
Richardson, D.C., Walsh, K.J., Murdoch, N., Michel, P., 2011.
Numerical simulations of granular dynamics: I. hard-sphere
discrete element method and tests. Icarus 212, 427 – 437.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103510004495, doi:https://doi.org/10.1016/
j.icarus.2010.11.030.
Sa´nchez, D.P., Scheeres, D.J., 2012. Dem simulation of rotation-
induced reshaping and disruption of rubble-pile asteroids. Icarus
218, 876 – 894. URL: http://www.sciencedirect.com/
science/article/pii/S0019103512000292, doi:https://
doi.org/10.1016/j.icarus.2012.01.014.
Sa´nchez, P., Scheeres, D.J., 2011. Simulating asteroid rubble piles
with a self-gravitating soft-sphere distinct element method model.
The Astrophysical Journal 727, 120. URL: http://stacks.
iop.org/0004-637X/727/i=2/a=120.
Sa´nchez, P., Scheeres, D.J., 2016. Disruption patterns of
rotating self-gravitating aggregates: A survey on angle of
friction and tensile strength. Icarus 271, 453 – 471.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103516000208, doi:https://doi.org/10.1016/
j.icarus.2016.01.016.
Sa´nchez, P., Scheeres, D.J., 2018. Rotational evolution of
self-gravitating aggregates with cores of variable strength.
Planetary and Space Science 157, 39 – 47. URL:
http://www.sciencedirect.com/science/article/
22
pii/S0032063317304336, doi:https://doi.org/10.1016/
j.pss.2018.04.001.
Scheeres, D., 2015. Landslides and mass shedding on spin-
ning spheroidal asteroids. Icarus 247, 1 – 17. URL:
http://www.sciencedirect.com/science/article/
pii/S0019103514004795, doi:https://doi.org/10.1016/
j.icarus.2014.09.017.
Scheeres, D.J., Sa´nchez, P., 2018. Implications of cohesive strength
in asteroid interiors and surfaces and its measurement. Progress in
Earth and Planetary Science 5, 25. URL: https://doi.org/10.
1186/s40645-018-0182-9.
Schmidt, J., Ohtsuki, K., Rappaport, N., Salo, H.,
Spahn, F., 2009. Dynamics of Saturn’s Dense Rings.
Springer Netherlands, Dordrecht. pp. 413–458. URL:
https://doi.org/10.1007/978-1-4020-9217-6_14,
doi:10.1007/978-1-4020-9217-6_14.
Schwartz, S.R., Richardson, D.C., Michel, P., 2012. An
implementation of the soft-sphere discrete element method
in a high-performance parallel gravity tree-code. Granular
Matter 14, 363–380. URL: https://doi.org/10.1007/
s10035-012-0346-z, doi:10.1007/s10035-012-0346-z.
Silbert, L.E., Ertas¸, D., Grest, G.S., Halsey, T.C., Levine, D., Plimp-
ton, S.J., 2001. Granular flow down an inclined plane: Bagnold
scaling and rheology. Phys. Rev. E 64, 051302. URL: https://
link.aps.org/doi/10.1103/PhysRevE.64.051302, doi:10.
1103/PhysRevE.64.051302.
Tancredi, G., Maciel, A., Heredia, L., Richeri, P., Nes-
machnow, S., 2012. Granular physics in low-gravity
environments using discrete element method. Monthly
Notices of the Royal Astronomical Society 420, 3368–
3380. URL: http://dx.doi.org/10.1111/j.1365-2966.
2011.20259.x, doi:10.1111/j.1365-2966.2011.20259.x.
Tanga, P., Cellino, A., Michel, P., Zappala`, V., Paolicchi, P.,
Dell’Oro, A., 1999. On the size distribution of asteroid
families: The role of geometry. Icarus 141, 65 – 78.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103599961481, doi:https://doi.org/10.1006/
icar.1999.6148.
Tanga, P., Comito, C., Paolicchi, P., Hestroffer, D., Cellino, A.,
Dell’Oro, A., Richardson, D.C., Walsh, K.J., Delbo, M., 2009a.
RUBBLE-PILE RESHAPING REPRODUCES OVERALL AS-
TEROID SHAPES. The Astrophysical Journal 706, L197–
L202. URL: https://doi.org/10.1088%2F0004-637x%
2F706%2F1%2Fl197, doi:10.1088/0004-637x/706/1/l197.
Tanga, P., Hestroffer, D., Delbo`, M., Richardson, D., 2009b. Asteroid
rotation and shapes from numerical simulations of gravitational
re-accumulation. Planetary and Space Science 57, 193 – 200.
URL: http://www.sciencedirect.com/science/article/
pii/S003206330800202X, doi:https://doi.org/10.1016/
j.pss.2008.06.016. catastrophic Disruption in the Solar Sys-
tem.
Tasora, A., Anitescu, M., 2010. A convex complementarity approach
for simulating large granular flows. Journal of Computational and
Nonlinear Dynamics 5, 031004–031004–10. URL: http://dx.
doi.org/10.1115/1.4001371, doi:10.1115/1.4001371.
Tasora, A., Negrut, D., Serban, R., Mazhar, H., Heyn, T., Pa-
zouki, A., Melanz, D., 2019. Chrono::engine web pages at
http://projectchrono.org/. URL: http://projectchrono.org/.
Tasora, A., Serban, R., Mazhar, H., Pazouki, A., Melanz, D., Fleis-
chmann, J., Taylor, M., Sugiyama, H., Negrut, D., 2016. Chrono:
An open source multi-physics dynamics engine, in: Kozubek, T.,
Blaheta, R., Sˇı´stek, J., Rozlozˇnı´k, M., Cˇerma´k, M. (Eds.), High
Performance Computing in Science and Engineering, Springer In-
ternational Publishing, Cham. pp. 19–49.
Walsh, K.J., Richardson, D.C., Michel, P., 2008. Rotational breakup
as the origin of small binary asteroids. Nature 454, 188. URL:
https://doi.org/10.1038/nature07078.
Wensrich, C., Katterfeld, A., 2012. Rolling friction as a technique
for modelling particle shape in dem. Powder Technology 217,
409 – 417. URL: http://www.sciencedirect.com/science/
article/pii/S0032591011006000, doi:https://doi.org/
10.1016/j.powtec.2011.10.057.
Wesenberg, D.L., Sagartz, M.J., 1977. Dynamic Frac-
ture of 6061-T6 Aluminum Cylinders. Journal of Ap-
plied Mechanics 44, 643–646. URL: https://doi.
org/10.1115/1.3424150, doi:10.1115/1.3424150,
arXiv:https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/44/4/643/5876566/643 1.pdf.
Yu, Y., Michel, P., Hirabayashi, M., Schwartz, S.R., Zhang, Y.,
Richardson, D.C., Liu, X., 2018. The dynamical complexity of
surface mass shedding from a top-shaped asteroid near the criti-
cal spin limit. The Astronomical Journal 156, 59. URL: http:
//stacks.iop.org/1538-3881/156/i=2/a=59.
Yu, Y., Richardson, D.C., Michel, P., Schwartz, S.R., Ballouz, R.L.,
2014. Numerical predictions of surface effects during the 2029
close approach of asteroid 99942 apophis. Icarus 242, 82 – 96.
URL: http://www.sciencedirect.com/science/article/
pii/S0019103514004126, doi:https://doi.org/10.1016/
j.icarus.2014.07.027.
Zhang, L., Jin, X., He, H., 1999. Prediction of fragment num-
ber and size distribution in dynamic fracture. Journal of
Physics D: Applied Physics 32, 612–615. URL: https://
doi.org/10.1088%2F0022-3727%2F32%2F5%2F017, doi:10.
1088/0022-3727/32/5/017.
Zhang, Y., Richardson, D.C., Barnouin, O.S., Maurel, C., Michel,
P., Schwartz, S.R., Ballouz, R.L., Benner, L.A., Naidu, S.P., Li,
J., 2017. Creep stability of the proposed aida mission target
65803 didymos: I. discrete cohesionless granular physics model.
Icarus 294, 98 – 123. URL: http://www.sciencedirect.com/
science/article/pii/S0019103516305309, doi:https://
doi.org/10.1016/j.icarus.2017.04.027.
Zhang, Y., Richardson, D.C., Barnouin, O.S., Michel, P., Schwartz,
S.R., Ballouz, R.L., 2018. Rotational failure of rubble-pile bod-
ies: Influences of shear and cohesive strengths. The Astro-
physical Journal 857, 15. URL: https://doi.org/10.3847%
2F1538-4357%2Faab5b2, doi:10.3847/1538-4357/aab5b2.
23
